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Levi-Civita connection

Theorem 1.1. Let (M, g) be a Riemannian manifold. There exists a unique connection
V on M which satisfies the following for any vector fields X, Y, Z € I'(T'M)

1. Compatibility with metric :

Xg(Y,Z) =9g(VxY,Z) + g(Y,VxZ)

2. Torsion-free :
VxY —VyX = [X,Y]

Such a connection is called the Levi-Civita connection on M.
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Proof. Assume such a connection exists, then

XY, 2)=g(VxY,Z)+g(Y,VxZ) (1)
Yg(Z,X)=9(VyZ,X)+9(Z,VyX) (2)
Zg(X,Y)=g(VzX,Y)+g(X,V5Y) (3)

Adding Eq. (1) and Eq. (2) and subtracting Eq. (3) from the sum
Xg(Y, 2)+Yg(Z,2)-Z9(X,Y) = g(Y, [X, Z])+9(X, [Y, Z])+29(VxY, Z)—g(Z,[X,Y])
Or

29(VxY,2) = Xg(Y, Z2)+Y g(Z, Z) - Zg(X,Y)+9(Z,[X,Y])—g(Y, [X, Z]) —g(X, [Y, Z])

(4)
This gives us a formula for determining the connection V which proves the existence
and uniqueness. Further it can be proved that properties 1. and 2. are satisfied with
this formula. m

Let v : (R,0) — (M, g) be a smooth curve on M. Let X € T'(T'M) be a vector field. Define
X, (t) = X(v(t)) to be its restriction on . Then

D .
EX(t) = VV’(t)X|’Y(t)

which is called covariant differentiation along the curve 7.

Definition 1.1. A curve 7 : (a,b) — M is called a geodesic if

Vo () =0 Ve (a,b)
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Parallel Transport along a curve

Let (M,g) be a smooth Riemannian manifold. Let v : R — M be a smooth curve and
X € I'(TM) is a vector field. Restricting X to v we get a vector field along v which we
define by X (t) = X| . Let

D

75 = (Vy Xl
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Definition 2.1. A vector field X along v is called parallel along ~ if %X(t) =0. If
to < t1, we say that X (¢;) is obtained from X (¢y) by parallel transport along ~.

In a local chart {z'}, let v be given by v(t) = (v!(t),...,7"(t)) and X|,¢) = X'5% S OF
0
X(t) = X'(t)—
0" |4y
The equation for parallel transport in local coordinates becomes
D
—X(t) =
—X(t) =0 5
v(t)
\% (Xi 0 ) 0 (7)
v (1) i =
9 ) Ly
dX" 0 4
i + le’yl(t) P = O (8)
dt 0], 0|
dX" 0 AR (1) 0
— X'— - =
dt 0|, X Vi om0 ©)
dX" o dyR(t) , O
- + X' Li=— =0 (10)
dt Ox'| dt Oxt )
dX! dyE () 0
X' I 11
< a t dt ’“) x| v (11)

which is a system of linear equations hence there exits a unique solution for all the time it
is defined.

If g = (g;;) in the chart {z'}, then from the compatibility of V, we get

0 o 0 0 0
g9k =9 (Va— a_> T (%Va—)

= Tlgu + Tlpgis

Using other cyclic relations, we get

9915 | 9g9a  0gij
rk g (9% 99u 99,
i =9 (ax’ * Ozl Ox!

Geometric interpretation of torsion
For any connection V, the torsion tensor is defined by
7(X,Y)=VxY —VyX — [X,Y]
3
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Let 7(s,t) be variation of a curve. Then
[D D

E’E} =0<—=71=0
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Geodesics and the Exponential map

Let (M, g) be a smooth Riemannian manifold and + : [0, 7] — M be a smooth curve on M.
Then

o 0.70) =20 (B0

If v is a geodesic, then parallel transport along 7 is denoted by Py )—ry )X (t) for X €
['(TM). Now we want to find an expression of P in local coordinates. Let X = X" a?gi be a
vector at v(0). We want to solve the differential equation

D

—X(t)=0

X ()

along v where % = V. This was done in Eq. (11) which is a linear system of equation
and the solution exists for while we are in a coordinate patch. To get a general solution, we
cover the image of v by finitely many coordinate patches and repeat the process (since the
image is compact, we can cover it by finitely many patches).

Now we use this to define the exponential map at a point.

Proposition 3.1 (Do Carmo Proposition 2.7). Given p € M, there exists a neighborhood
V of p € M, a number € > 0 and a C* mapping v : (—2,2) x U — M, U = {(q,w) €
TM|qeV,weT,M,|w| < e} such that v(t,p,w),t € (—2,2) is the unique geodesic of
M which at the instant ¢ = 0, passes through ¢ with velocity w, for which ¢ € V' and
for every w € T, M, with |w| < e.

Definition 3.1. Let p € M and V, ¢, U as defined in the previous proposition, then the
exponential map is defined by

exp(p,v) = 7 (Lp, %) , forall (p,v) el

So exponential map sends a vector v to a point which is obtained by going out the length
|v| in the direction of v by the unique geodesic. Using this we can write exponential map as

exp, : B.(0) C T,M — M
4
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by exp,(v) = exp(p,v) where B, the open ball with center at origin 0 of 7, M and of radius
€.

Definition 3.2. The injectivity radius at point p of the manifold (M, g) is defined
to be the supremum of €’s for which the exponential map exp, : B (0) — M is a
diffeomorphism. It is denoted by inj,,(p).

Further, define injectivity radius of M to be the infimum of inj,,(p) among all the points,

Ve g
injM = inf injy (p)

Example. 1. The injectivity radius of n-sphere of radius R is 7R.
2. The injectivity radius of R" is oo.

Remark. There exists a complete Riemannian manifold with inj(M) = 0. For sphere
of radius R we know that inj(p) = wR. Attach a sphere of radius % at each point
(n,0) on the plane R? by cutting out a small open set at south pole. Then we get a
(geodesic/metric) complete manifold where the infimum of the injectivity radius at the
north pole of the attached spheres is 0.
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Let (M™, g) < (R""' §) be an isometric embedding. Let N be a local normal field, and
define the shape operator by
S(X) = —DxN

To define a connection on M", we project the Levi-Civita connection of R"*! into the tangent
space of the hypersurface. Let X, € T,M" and Y € I'(T'M"|y), define

VxY = (DxY)' = DxY — (DxY,N) N
From the relation 0 = X (Y, N) = (DxY, N) + (Y, DxN) we can also write

VxY = DyxY — (5(X),Y)N

It is easy to prove that V is the unique Levi-Civita connection on M™".

Now we define curvature on a Riemannian manifold. Riemann curvature is a tensor defined

by

R(X,Y)Z = VxVyZ — VyVxZ — VixyZ
=[Vx,Vy|Z = VixyZ

5
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for vectors X, Y, Z € T,,M™ (prove that it is independent of the local extension).

For hypersurfaces another formula holds,
R(X,Y)Z =(S(Y), Z) S(X) = (5(X),2) S(Y)

which can be remembered mnemonically,

(R(X,Y)Z,W) = det gg{%? (S(Y), W)

The Riemann curvature tensor (R(X,Y)Z, W) is a (0,4) tensor which satisfies the following
properties
1. (R(X,Y)Z, W) =—(R(Y,X)Z, W)
3. (RIX,Y)Z, W)= (R(Z,W)X,Y)
With the help of first two properties we can also define curvature as a map on the wedge
product Rm : A2T'M™ — A*T*M™ by the formula
(Rm(X AY)ZAW) =(R(X,Y)Z,W)

It is more standard to consider the curvature operator as the map Rm : A2T*M™ — A2T*M™
after lowering/raising appropriate indices. In the case of surfaces, the wedge product is one-
dimensional, so the map is determined by a scalar which is equal to the Gaussian curva-
ture/sectional curvature.
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Let (M™, g) — (R"1 §) be a smooth hypersurface in R"*1. We are going to define the
Gauss map on the hypersurface, under the assumption that M"™ is compact and without
boundary. Given any point p € M", let N, € R™™! denote a (there are two choices) unit
normal at p. Define the Gauss map, G : M" — S™ by

G:p— N,

for a continuous choice of normal which is possible because the hypersurface is oriented.
Given a map from oriented, compact manifold to sphere, one has a notion of degree of the
map. The definition comes from differential topology and is also equal to the degree of the
top homology map.
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Theorem 5.1 (Gauss-Bonnet). Let M2 be an embedded surface in R3. Then the degree
of the Gauss map is equal to

deg(G) = QL KdV = x(M?*) =2~-2g

™ J M2

for a genus ¢ surface.

Remark. This proves that the integral of curvature (metric dependent) is an integer
which depends only on the topology of the surface.

Note : Exam may contain simple applications of Gauss-Bonnet. Another reference : Prob-
lems in Geometry and Topology.
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Let (M2, g) be a smooth surface in R® and v : R — M be a smooth curve. The geodesic
curvature denoted by r,(s) of v at y(s) is defined as

D

ols) = | 7/ (5)

g

which is different from the previous definition

) _ det <’y”(t),’7,(t): Nv(t)>
A O]

which was obtained using Frenet-Serret frame.

Theorem 6.1. Let (M, g) C R® be a compact orientable smooth surface with induced
metric g. Denote its connected boundary by M. Then

IidA-i-/ Kqeds + 0; = 2mx(M
/ [ s+ Y (M)

=1

where 6; are the exterior angle in 9M.
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We did Bianchi identity today.
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