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Preface

This thesis is presented to Chennai Mathematical Institute in fulfillment of the thesis
requirement for the degree Master of Science in Mathematics. The goal of this thesis is
to give an introduction to mean curvature flow and explore some of its properties. The
mean curvature flow is a PDE on a hypersurface immersed in Euclidean space. It is the
negative of the area functional, so it flows hypersurface in the direction of their steepest
descent of area functional. Similar to Ricci flow it’s a heat-type equation, and we expect
some uniformizing properties out of it. However, the flow develops singularity in finite
time for mean-convex hypersurface. We look at some aspects of the singularity analysis
which includes a monotonicity formula and convexity estimates.

Organization

The thesis is divided into three chapters where the first chapter serves as an intro-
duction to the mean curvature flow. One of the crucial results done here is Huisken’s
monotonicity formula which describes the limit of type I singularities as a self-shrinker
solution.

Following this, we study the asymptotic properties of the flow in the more general
mean-convex setting in Chapter 2. Huisken-Sinestrari proved that asymptotically the
flow converges to a weakly convex hypersurface.

Chapter 3 is on the Noncollapsing of mean-convex hypersurfaces. The result of Sheng-
Wang and Andrews states that non-collapsing is preserved under mean curvature flow.
The proof goes through deriving a differential inequality for inscribed curvature and
using the maximal principle for viscosity solutions.
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1 Introduction to Mean curvature flow

We introduce the second fundamental form and mean curvature associated with an
immersion of a hypersurface. The mean curvature flow is then the negative gradient
flow of the volume functional on hypersurfaces.

1.1 Fundamentals of hypersurfaces

Let M™ be a smooth n-dimensional manifold with a smooth immersion X : M™ — R*+1,
If X is a homeomorphism onto its image, we say X is an embedding and its image
M"™ = X(M™) has the structure of a smooth n-dimensional submanifold of R"*!. We
say that M"™ is an immersed hypersurface and M is an embedded hypersurface
respectively. Throughout this thesis, we will denote the embedded manifold X (M) by
script M to differentiate between the domain and its image. Let (U, {z'}) be a coordinate
system on M™, in Euclidean coordinates the pushforward of tangent vectors will be

0X
ox* 4

where dX : TM™ — TR"*! is the derivative of X. Since dX is an injection for each
point in M™, we can define an inner product on 7M™ which in local coordinates is given
by

9(9,0;) = (9: X, 9;X)

where (-,-) denotes the standard inner product on Euclidean space. We will use the
notation (-, -) for g as well which is consistent because of the immersion condition. Fur-
ther, we can define the Levi-Civita connection on M"™ from the Levi-Civita connection
on R"1. Let X, € T,R"™! be a vector and Y : U — TR™"!|; be a local vector field in
a neighborhood U containing p. The Levi-Civita connection of Y with respect to X on
R+ is given by

Dx)Y = (X,(Y"),..., X, (Y"1

P

where Y = (Y'!,..., Y1) are the components of Y in the standard coordinates. Using
the immersion condition, we define a connection on T'M™ induced from D. Let x € M"
and u € T, M"™, v € TM"|y for some open set U containing z. Define a connection V by

(Vud) = m(Dax ) (V) (1.1.1)

where V is an extension of dX (¥) to an open set of R"*! containing X (U) and 7 X(z)
T X(x)R"H — dX (T, M) is the orthogonal projection onto the tangent subspace.
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Lemma 1.1.1. The connection defined by Eq. (1.1.1) is well-defined and is the
unique Levi-Civita connection on (M", g).

When X is an embedding, the restriction of the tangent bundle of TR"*!|y can be
decomposed as the direct sum

TM®NM

where N M is the normal bundle which can be described as
NM = {(p,v) € TR""|p( : (u,v) =0 for all u € T,M}.

For dimension reasons, the normal bundle at each point is one-dimensional. We fix
a choice of unit normal v, for each p € M. This leads to tangential projection
A TR™! — TM and normal projection -+ : TR"*! — NM maps of vectors in
TR"™*! given by

w' =u—(u,v)v, and ut=(u,v)v
respectively. We can define the Levi-Civita connection on an embedded hypersurface M
using the normal projection,

V.V = (D, V)T

where u is a vector and V is a local vector field. Notice that this is consistent with
Eq. (1.1.1) since dX ! is the tangential component. The next step is to calculate the
Christoffel symbols of the connection V. For local coordinates (U, {z'}) in M", the
Christoffel symbols Ffj : U — R are obtained by the formula

(0:0;X)" =T}0uX
Taking the inner product with ;X and inverting it we get

Il = g"(9,0;X,0.X).

The normal part of the Euclidean covariant derivative is a tensor, called the second
fundamental form of M and is denoted by A. Let u,v € TM and V € I'(T M) be an
extension of v. Then A is given by

A(u,v) := (D, V)T

is independent of the extension V and is a symmetric two-tensor. The components of
A over local coordinates will be denoted by h;; = A(0;,0;). Further we can use the
isomorphism 7, M = T7M given by g to convert A into a linear map Ly, : T, M — T, M
given by

<Lp(u)7 U) = A(ua /U)'

This is called the Weingarten map. Also if N is a local extension of the normal, then

Ly(u) = D,N.
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This is true because

1

0==
2

Dy|N|? = (D,N,v) and (D,N,v)=—(v,D,V) = A(u,v)

where V' is some extension of v. As A is symmetric, the Weingarten map is a self-adjoint
operator with real eigenvalues. The (ordered) eigenvalues

k1(p) < -+ < rn(p)

of L, are called principal curvatures. If we switch the sign of the normal, the principal
curvatures flip the sign as well since the Weingarten map flips the sign. The trace of the
Weingarten map is called the mean curvature and is denoted by H. So in terms of
principal curvatures,

H=tr(L) =K1+ -+ kn.

We say that a hypersurface X : M" — R"*! is mean convex if it admits a unit
normal field with respect to which its mean curvature is non-negative and strictly
mean convex if it admits a unit normal vector field with respect to which its mean
curvature is positive.

We can express the Riemann curvature tensor in terms of principal curvatures as
follows,

Rijp = <V?¢<9k - ngak, ) = hikhji — hahijg,
Ricij = g" Rinji = Hhij — hig™huj,
R = ¢ Ricij = " g* Ry = H? — |A]%.

Further, the principal curvatures satisfy some gradient formulas given as follows

Lemma 1.1.2. 1. (Codazzi’s identity) V;hx = Vhi.
2. Ahm = Vlij -+ Hhilglmhmj = |A|2h”

3. (Simon’s identity) 3A|A|? = (hij, V;V;H) + VA + Z where Z = H tr(L%) —
A%,

1.2 Mean Curvature Flow

Now we define the mean curvature flow (MCF) on hypersurfaces.

Definition 1.2.1. A one-parameter family of immersion X : M™ x I — R™*! is said
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to evolve by mean curvature flow (MCF) if

0 -
S X(p,t) = H(pt) = ~Hp, Ou(p,t) W(pt) €M™ X1 (121)
Notice that the mean curvature vector H = —Hv is independent of the direction of

normal v. The following lemma demonstrates the similarity of mean curvature flow with
the heat equation

Lemma 1.2.1. The mean curvature vector is equal to the Laplace-Beltrami operator
of the hypersurface
H=—-Hv=AuX.

Proof. Notice that 9;0;X = FfjakX — hjjv. Contracting this,
AMX = gijViVjX
= gij (8l8]X — FZ@;CX)
= —g"hiv
= —Hv.

We can generalize the definition to include only the normal part as well.

Definition 1.2.2. A one-parameter family of immersion X : M™ x I — R"*! is said
to evolve by reparametrized mean curvature flow (MCF) if

B -
(atX(p,t)> = H(p,t) = —H(p,t)v(p,t) V(p,t) e M"™ x I. (1.2.2)

The reason it is called so is that if we consider the one-parameter family of diffeomor-
phisms v : M — M generated by

1
%p):dxt—l((%’f(wt(p),t)) —%’fwt(p),w) o = idy

then the reparametrized manifold X; = X; o 1); is a solution of mean curvature flow.
The flow exists for a short time on any arbitrary hypersurface which is proved in
[ACGL22]. This is known as the short-time existence of solutions

Theorem 1.2.2 (Short time existence). Let Xo : M™ — R™*! be a smooth immersion
of a compact manifold without boundary. There exists an ¢ > 0 and a smooth
solution X : M"™ x [0,¢) — R""! to MCF, with X(-,0) = X,. Moreover, the
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solution is unique.

1.2.1 Examples of the mean curvature flow

It is difficult to solve the mean curvature flow PDE on an arbitrary hypersurface. The
limited number of examples come from ansatz or special cases,

1. Shrinking spheres: Let S"(r) C R""! be sphere of dimension n with radius

r. Since the mean curvature H = 7 is constant across the sphere, we make the

ansatz that the hypersurface remains spherical under mean curvature flow. Let
M, = S"(r(t)) be the solution, then the PDE is reduced to an ODE given by

d 0 n

—7r _

dt r(t)

whose solution is r(t) = \/r§ — 2nt with r(0) = ro. So the shrinking spheres
2

S™(\/rg — 2nt) are a solution to the mean curvature flow for ¢ € [0, 52).

(1.2.3)

Figure 1.1: Shrinking spheres of dimension 2

2. Evolution of Graphs: Let f : R” — R be a smooth function. The graph of f in
Rn+1’
M ={(z, f(z)) e R"™ .z ¢ R"}
is a smooth hypersurface. The mean curvature vector at (z, f(x)) for the hyper-
surface can be calculated by the formula

. y : Vf
—Hv + ¢"TERX = ¢70,0;X = | 0,/1+ |Vf2div [ —— | | .
$TEOX = 90,0 (W <1+|w|2>>

Ecker and Huisken proved in [EH89] that graphs evolving under the mean curvature
flow remain graphs. So a family of graphs M; = {(=, fi(z)) : * € R"*!} with the

condition
A e G
a1 = H'VfthIV( 1+yvft|2>
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is a solution of the mean curvature flow (after a reparametrization).

3. Minimal surfaces: Minimal surfaces are the critical points of the volume func-
tional. A hypersurface M is said to be a minimal hypersurface if it satisfies
H(xz) =0 for all z € M. Hence, minimal hypersurfaces are stationary solutions of
the mean curvature flow.

4. Products of solutions with Euclidean space : Suppose M? C R"! is a
solution of the mean curvature flow. It is easy to verify that the mean curvature
vector of the product M x R™ C R x R™ is given by

—

H(z,y) = (H(z)v(x),0),

which implies that the time-parametrized product Ay = M; x R**! is a solution
of the mean curvature flow as well.

M
W -

Figure 1.2: Cylinder S' x R

1.2.2 Mean curvature flow as the gradient of the area functional

Let Mg C R™*! be a smooth hypersurface and X : M™ x (—e¢, €) — R"*! be a variation
with X (-,0) = My. Considering area as a function of time over the variation, we get

d
%Area(./\/lt) = /Mt (0: X, Hv) (1.2.4)

Using this, the gradient of the area functional is
VArea = Hv

so the most efficient way to reduce the volume is to choose the variation so that

0; X = —VArea=—Hv
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which is the mean curvature flow. In particular, we get the following equation for the
evolution of area under mean curvature flow,

d 2
£Area(./\/lt) = H

which is the steepest descent of area in the space of hypersurface up to speed-parametrization.

1.3 Evolution equations

To understand the properties of mean curvature flow it is essential to know the evolution
of geometric quantities of the hypersurface. Let X : M" xI — R™*! be a smooth solution
of mean curvature flow, so

8X (2,t) = H(x,t) = —H(z, v(a, ).

The induced metric on the hypersurface is given by g = X*(§) where § is the flat metric
on R™1. This means that if {2} are local coordinates on M™, then the components of
the induced metric are given by

0X 0X
g = 0000, X.(0)) = ( Gz 52 ) = 0X,0,%).

Lemma 1.3.1. Let X : M™ x I — R™*! be a solution of mean curvature flow. Then

the evolution equation of the metric, normal, second fundamental form, and mean
curvature is given by

Btgl-j = —2Hhij (131)

Oy =VH (1.3.2)

8th7;j = Ahu = 2Hhilglmhmj + |A’2hw (133)

OH = AH + |A’H (1.3.4)

A2 = A|A]Z - 2|VA]? +2/4) (1.3.5)

Proof. 1. In local coordinates we have

atgij = 8t <BZX, 8JX>
= (0:(3:X), 0, X) + (0 X, 0(9; X))
= (0i(—Hv), 8J'X> +(0iX, aj(_HV»
= —H (0w, 0;X) — H (0; X, 0v)
= —2Hhy;.
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2. Since (v,v) = 1, we have 2(9,v,v) = 0, so the vector g,v is in the tangent plane of
the hypersurface. We can write it as a linear combination of tangent vectors {0;X} to
get

o = (O, 0; X) @Xgij = —(1,0; (0 X)) @Xgij
= (v,0; (Hv)) 0;X g"
= aiHangij + H (v, 0;v) Ongij
=0;H9;X¢" = VH.
3. From the relations
8ian = FfjakX - hz‘jV and ajl/ = hﬂglmamX
we get
8th7;j = —c% <818]X, l/>
= (8,0;(Hv),v) — <aiajx, alHanglm>
= 0.0;H + H <al- (hjmgmlalx) , ,,> _ <r§jakx — hiv, alHanglm>
= 0;0;H — T};,0,H + Hhjmg™ (T%0,X — hyv,v)
= ViV,;H — Hhjyg"™ hynj.
4. Utilizing the previous evolution equation with the product formula of derivatives,
O H = 9,(9” hij) = (Drg” ) hij + g Oihij
= —g"*(Orgr) g hij + 9" (Ahij — 2Hhiyg" ™ hynj + | AP Rij)
—gik(—2Hhkl)gljhij + A(gijhij) — 2Hgijglmhilhmj + |A|2H
= 2H|A> + AH — 2H|A|* + |A?H
= AH + |A*H.
5. Again from the previous result on the evolution of h;; we get
O Al> = 0i(g™ " hish)
= 4Hg"" " huping” hijhis + 29" ¢ hia(Ahij — 2H hign g™ by + | A|* i)
= 29" g g Ahy; + 2| A%,

and
A]A|2 = gklvkvl(gpqgm”hpmhqn) = 2¢P19"™" hp Ahgr, + 2|VA|2.

10
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Corollary. If mean curvature is positive everywhere on the initial hypersurface, then
it remains so throughout the flow.

Proof. We apply the maximum principle to the evolution equation of H. O

Remark. This property of mean curvature holds even when the hypersurface is
embedded in an arbitrary Riemannian manifold with positive Ricci curvature.

1.4 Maximum principle

We can extend the maximum principle on Euclidean space to general Riemannian man-
ifolds in the following fashion. Refer to [CKO04] for proofs.

Lemma 1.4.1 (Scalar maximum principle). Let g(¢) € [0,T) be a 1-parameter family
of Riemannian metrics on a closed manifold M™ and 5 : M"™ x [0,T) — R be a
locally bounded function. Let u : M™ x [0,T) — R be a C? function satisfying the
following inequality

0
au(m, t) > Agyu + Bu

If u(xz,0) >0 for all x € M"™, then u(x,t) > 0 for all (z,t) € M™ x [0,T).

This can be generalized to include a non-linear term as well.

Lemma 1.4.2 (Comparison lemma). Let u : M™ x [0,T) ~ R be C? function satis-
fying
ou
on a closed manifold. Suppose there exists C' € R such that u(xz,0) > C for all
x € M", and let ¥ be the solution to the associated ordinary differential equation
with initial condition
@ _

Then wu(z,t) > 1 (t) for all z € M™ and ¢ € [0,T) such that 1(t) exists.

The above-stated scalar maximum principle can be further extended to tensors. This
was done by Hamilton in [Ham82] in the context of Ricci flow. Let M = M;;dz’ @ dx’
be a symmetric 2-tensor. We say M is non-negative if vT Mv = Mijvivj > 0 for all
vectors v. Let N;; = p(M;j, gij) be a tensor formed by contracting products of M;; with
itself using the metric. Also suppose that whenever v is a null-eigenvector of M;; (i.e.
Mijvj = 0), we have Nijvivj > 0. Then the following maximum principle holds

11
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Lemma 1.4.3 (Tensor maximum principle). Let g(¢t) € [0,T) be a 1-parameter family
of Riemannian metrics on a closed manifold M™. Let M;; be a symmetric non-
negative tensor evolving by the equation

0

ot
where N;; = p(Mij, gij) satisfies the null-eigenvector condition above. If M is non-
negative at ¢t = 0, then it remains non-negative on [0, 7).

Mij = AM” + ’U,kkaU + Nij for all (l‘,t) e M" x [O,T)

The tensor maximum principle can be used to prove that convexity is preserved under
mean curvature flow.

Lemma 1.4.4. Let X : M™ x [0,T) — R""! be a solution to mean curvature flow.

If the initial hypersurface X (-,0) = M is convex then M, is also convex for all
tel[0,T).

Proof. The condition of convexity is equivalent to h;; > 0. We will prove a stronger
result. Suppose that

ehgij < hij
for some constant 0 < € < % at t = 0, then the inequality remains true for 0 < ¢ < 7T.
In the tensor maximum principle set
hij K 2

G W= g"ViH

Mij = q

and
Nij = 2€Hhij — thmgmlhlj.
To calculate the time derivatives, we use Lemma 1.3.1,

hif\  HAhy — hiyAH -
O (H) = e — 2himg"™" hij,

A <h]> - Sk Z B2 iy, (h]> '

H H? H H

It remains to check that IV;; satisfies the null-eigenvector in this setting. Assume that
for some vector X = {X7},

hij X7 = eHX;
then
Nij X' X9 = 2eHh;ij X' X7 — 2hjpmg™ hy; X' X7
=22 H?|X|? - 22H*X? = 0.
Substituting € = 0 yields the result. O

12
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1.5 Long time existence

In this subsection, we will prove that the blow-up of the second fundamental form is the
only obstruction to continuing the flow. The proof goes by contrapositive, relying on the
Bernstein-type estimates. This technique is very similar to the one Hamilton used for
Ricci flow [Ham82]. A solution of the mean curvature flow X : M™ x [0,T) — R**! is
said to be maximal if given any other solution Y : M™ x [0, S) — R™"! which coincides
with X for ¢t € [0,7)N[0,S) we have T" > S. Such a T is said to be the maximal time
for X. This theorem characterizes the maximal time of existence.

Theorem 1.5.1. Let X : M™ x [0,T) — R""! be a solution of the mean curvature
flow with M™ compact. If X is maximal then T" < oo and

sup |A| = 0.
M™x[0,T)

Before jumping into the proof we need a general notation for complicated tensor
expressions occurring in evolution equations.

Definition 1.5.1. Given any two tensors A and B, we write AxB to denote any linear

combination of tensors formed by contraction on A?ll.'.'.'iip B;’lljblq with ¢g or g7'. The
iterated product A* B C can be viewed as A x (B xC') which is associative and can

be written without brackets. Also, denote the multifold product A * --- x A by A*P.
R S
p—times
The Gauss equation in this notation yields Rm = A * A which after differentiation
gives VRm = A x VA.

The following lemma will be necessary to find out the time derivative of covariant
derivatives and gives the commutator relation between them.

Lemma 1.5.2. Let S be a tensor with an evolution equation given by
oS =AS+T

where T is another tensor of the same rank. Then the evolution equation of the
covariant derivative is

VS =AVS+AxAxVS+AxVA*xS+ VT. (1.5.1)
Proof. Recall the time evolution of Christoffel symbol is given by

1
ory; = Egkl(viatgjl + V;0igi — Vi0igij)- (1.5.2)

13
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Substituting 0;g;; = —2Hh;; we get
Oy = —g"(Vi(Hgj) + Vj(Hga) — Vi(hij)) = Ax VA,
Consider the commutator

WVS =Vo,§S+ oI xS
=V(AS+T)+AxVAxS
=AVS+VRm*« S+ Rm*VS+ VT +AxVAxS
=AVS+AxAxVS+AxVAxS+ VT

where we have used the Ricci identity [V, A]S = VRm * .S + Rm % VA. O]

Lemma 1.5.3. The evolution equation of the higher gradient of the second funda-
mental form is given by

GVTA=AVTA+ ) VIAxVIAxVFA (1.5.3)
i+j+k=m
where m € NU {0}. Further, the norm of the gradient satisfies
VAR = AIVTAPR —2]VTHAR+ Y VIAxVIAxVFAx V™A (15.4)
i+j+k=m

where m € NU {0}.

Proof. We induct on m. For base case m = 0, the second fundamental form evolution
equation is

HA=AA—-2HA? +|A’A
=AA+AxAx A

Now suppose the equation holds for m, then for m + 1 we have

HV™TIA = V(VFA) + (0T) « VA

=V |[AV™A + Z ViAxVIAxVFA| + AxVAxV"A
i+ji+k=m

=AV™M A+ VR« V"A+Rm« V™" A+ Y VA« VIA«VFA
i+j+k=m+1

— AVt A 4 Z ViAxVIAxVFA
i+j+k=m+1

14
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using Ricci identity and Gauss equation Rm = A * A. For the norm, we get
VA2 =2(0; VA VA + Ax Ax V" Ax V™A

where the second term comes from time derivative d;g” = —2Hh"Y = A x A. This
simplifies to

X|VTAP2 =2 <Ava + ) ViAxVIAxVFA, va> + Ax AxV"Ax V™A
i+j+k=m
=2(AVTA V™A + > VAxVIAxVFAVTA
i+j+k=m
= A[VTAP = 2[V™TAP + Y VA« VA« VR A« VA
i+j+k=m

O

We can consider the maximum principle on the previous lemma. This gives control of
derivates of the second fundamental form based on the bound of the second fundamental
form.

Lemma 1.5.4. Let X : M™ x [0,T) — R""! be a solution of the mean curvature
flow with M™ compact. Suppose that 7' < oo and Co = supysn o, | 4| < 00. Then
for each m € N there exists a constant C),, < oo depending only on initial manifold
such that

sup |[VTMA| < C,. (1.5.5)
Mnx[0,T)

Proof. From Eq. (1.5.4), we can estimate
OVTAP S AVTAPR = 2VTHAP 4 Co Y IVPA|VIAIVEA| VA
i+j+k=m

where C),,, < oo only depends on n and m. We now proceed by induction on m.
Suppose that for [ € {1,...,m — 1} we have

sup |V'A]? < C
Mx[0,T)

for some constants C} < co. From the previous relation,

OV AP < AIVTAPR = 2VTHAP 4 Co | [APIVTAP + > [VIA|[VIA|VRAVT A
i+j+k=m
i,5,k<m—1
< AIVTAPR + CpmCEIV™ AP + e[V A|

< AIV™AP + 20, C2IV™ A2 + —m 1.5.6
< AIVP AR + 20, GV AP + ot — (1.56)

15
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using the induction hypothesis. To absorb the |[V™A|? term on the right-hand side
consider the inequality for m — 1,

OUVTTTAP S AIVTTTAPR = 2VAP + Cuma Y [VIA[VIA|VRAVT A
i+j+k=m—1
< AIVTTLAP = 2IVTAP 4 ¢ (1.5.7)

Multiplying Eq. (1.5.7) by Cp»C2 and adding to Eq. (1.5.6),

01 (V" AP + Cou GV AP) < A (VAP + Con GV AP) + L pti—
oY nm

+ cm_lCn,mCoz.
Now by comparison principle, we get a bound

sup  (|V™AP + CrmC5IV™ T A]?) < Cr
M"x[0,T)

and from this, we can deduce that

sup |[V"AP < G,
Mx[0,T)

for some constant Cy,, depending only on n, m,Cy, ..., Cp—1 and the initial hypersurface.
This completes the induction. ]

We can improve the higher-order covariant derivative bound to include a time factor
as well. The following lemma will imply a rapid decrease in the norm of higher covariant
derivatives of the second fundamental form with respect to time.

Lemma 1.5.5. Let X : M" x [0,72] — R"*! be a solution of the mean curvature
flow. Suppose there exists a constant Cy < oo such that

|A|? < Cor™2

on M™ x [0,7%]. Then for each m € N, there exists a constant C,,, depending only
on n, Mgy and Cj such that

t"| VA2 < Cpr2

on M™ x [0,r2].

Proof. First, we will demonstrate how to obtain the bound for m = 1 and then extend
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1.5. LONG TIME EXISTENCE

the method for general m using induction. We know that

OVAP? = AIVAP —2[V?AP + ) ViAxVIAxVFAxV™A
i+j+k=1

SAVAP = 2[V2AP + Coy Y [VIA|VIA|IVF AV A
i+j+k=1

< AIVAP2 = 2|V2A]? +3C,1|AP||[VA?

< A|VAP2 - 2|V2A|? + 30, 1Cor 2|V A2

To obtain a better bound we want to utilize the good term —2|V2A|? and one way to
do this is to define another term with a t-factor and |A|?,

F =t|VA]* + B|AJ
which is bounded at t = 0 by 3Cqr~2. Notice that
HF < VAP +t (AIVAP — 2|V2A]? 4 3C,,1Cor2|VA]?) + B (AA]? - 2|VA]? +2|A]Y)
< AF = 2|V2AP + (14 3tC, 1 Cor 2 — 28) |[VA]* +28C5r~*
< AF + (14 3C,1C5 —28) [VA]* +28C5r .

Choose 8 > (1+3C,, 1C?)/2, so that the coefficient of |V A|? is negative. The comparison
theorem then gives

sup F(x,t) < BCor~2 +28C3r—4t < C1r2
zeM

for some constant C7; > 0. Hence,
tIVA|? < Cyr?

on M x [0, %] which establishes the inequality for m = 1.
Now assume the inequality holds for 1,...,m — 1. Then,

OUVTAP S AIVTAP =2 VAP 4 Co Y [VPA|VIAVEA| VT A
i+j+k=m

< AIVPAR <2V TVAR 4 C | BIAPIVTAR + Y [VIAIVIA|VE AV A]

i+j+k=m
ijk<m—1

< AIV™AP? = 2]V A2 4 3C,mCor 2| V™A + Crpn Linr =3t 2 [V A
m A2 m1 412 2 mog2 , LT
< A‘V A’ — 2’V A‘ + —i—Cn,mT 600’V A‘ + T
0
S AIVTAP = 2VTTAR 4 (T | VAP + Spur2t7™)
< AIVTAP = 2VTHAR 4 Upyr (VAP 4072

17



CHAPTER 1. INTRODUCTION TO MEAN CURVATURE FLOW

where Lm = Zz’+j+k:m CZ'CjCk, Tm = GCmmC[) s Sm = (Cmngn)/ﬁlCU and U, =
i,j,k<m—1
max{T,, Sm}
Also, from the induction hypothesis, there exist constants U,,_; for 1 < k < m such
that

at|vm—kA|2 < A|Vm_kA|2 _ 2|vm—k+1A’2 + Um_kT_4t_(m_k)
Now like in the m = 1 case, we define

N B |
F=tm|va12+6me(m_k)!fm Kok AR
=1

where (3, is a positive constant to be determined later. Notice that at ¢t = 0 we have a
bound on F' given by
F(z,0) < Bm(m — 1)!Cor2

Using the previously established estimates, the differential of F' satisfies
OF <AF + Upr 2tV AP + Upr ™4 + mt™ L |V A2

m

- 1)!
+Bm Y (m = DV opmb g1 AR 4 U+ (m— Ry Y wmb a2\
— (m —k)!
This expression is the reason we considered sharper estimate because the good terms
9 (m — 1)!tm—k|vm—k+1A|2
(m —k)!

can be utilized to compensate for the bad terms

(m —1)! —kpom—k+1 4|2
——(m—k+ 1)t" m Al“.
m—Er o R DIV |
Collecting the rest of the terms yields

OF < AF + (Upnr 2t +m = 2B8,)t™ V™ AP + (U + B Vin)r ™

with Vi, = >0%, %Um_k. Choosing sufficiently large (,,, we can make the coeffi-
cient of |[V™A|? negative which implies

WF < AG + (Up, + B Vin)r ™.
Now we are in the domain of the comparison principle which yields

sup F(z,) < sup F(2,0)+(Un+BnVin)r ™t < (BuCo(m—1)14-Unt B Vin)r > = Crur™>.
zeM zeM

This implies the desired bound on t™|V™A|? as
VAP < F < Cpr?
for t € [0,72]. O
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1.6. MONOTONICITY FORMULA

Remark. The parabolic nature of the mean curvature flow shows up here as the
dimension of time is double the spatial dimension coming from |V™A].

We finish up the proof for the stated long-time existence result.

Proof of Theorem 1.5.1. (Sketch) Assume on the contrary that supym o 1) A2 <
C. We aim to show that the manifold X (-,¢) = M, converges to a smooth limit My as
t — T. Notice that

t
X () — X(w,0)] < ‘ [ G s)is| < Twp ) < T/
0

Moreover, notice that the time derivative of the metric satisfies

A(u,u)

< 2nC?
g(u,u) |~

194 log g(u, )| = '2H

for any u € T,,M". Integrating this we get

o= 2nC3T < Y(at) (U, v) < 2nCT
9(,0) (u, u)

for all (x,t) € M x[0,T). This proves that metrics at all times are uniformly equivalent.
In fact, integrating from T — e to T" will yield that g; converge to a continuous metric
gr which is also uniformly equivalent to metrics at previous times. Notice that X; are
diffeomorphic by the time translation map of the smooth solution of the mean curvature
flow. Now the higher gradients of X can also be bounded from the bounds of higher
derivatives of the second fundamental form. An Arzela-Ascoli argument now gives the
smooth convergence X; — Xp. Applying short-time existence result at X we get a
contradiction on the maximal time.

1.6 Monotonicity Formula

Mean curvature flow is invariant under parabolic scaling, i.e. if X : M™ x I — R**!
is solution, then so is X (z,t) = AX (z, \~%t). We construct a weighted area functional
which is invariant under parabolic scaling along any solution to mean curvature flow
which will be monotonous.

Let p(z,t) be the backward heat kernel at (X, tp), i.e.,

X(z,t) — Xol?
| X (z,1) o>7 t <t

)= o=t ™ (‘ ity — 1)
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CHAPTER 1. INTRODUCTION TO MEAN CURVATURE FLOW

Theorem 1.6.1 (Monotonicity formula). If M; is a solution of mean curvature flow
for ¢t < tg, then we have the formula

(e e = — /Mt ol 1) (H - <X(§’(” = ”>)2 e

to —t)

dt

Proof. To simplify the formula assume that (Xg,%y) = (0,0). We know that %Mt =
—H?, so differentiating p with respect to time we get,

d 0
G | et = [ poHd+ [ oot
dt S, M, M, at”

:_/Mt p(:z:,t)H2d,ut+/Mt << (@ )( t)(x’t) >p( t)> dpu

n !X (a:,t)P
(G et = S5O o)) di
m; \2(4m)(=t) —t)?
n (X, Hv) |XP 2>
= + - — H* | duy. 1.6.1
fr (G s s 1) (0
Now AX = —Hv, using this relation for the second term and divergence theorem we
get
| o == [ p(X,AX) d
Mt Mt
n+1
-3 / XL AXdpi
Mg
n+1
- / V(pXy), VX d
n+1
= Z/ Vp, VXk Xk+p<VXk,VXk>) dity. (1.6.2)
M,

Let (U,{z'}) be some local coordinates on the hypersurface. In these coordinates we
can write Vp = ¢g"9;p0;, so (Vp,VXi) = Vp(Xy) = g”(9ip)(0; Xk) which implies

n+1 n+1
D (Vo VXR) X = > g7(0ip)(0; Xi) X
k=1 k=1

= g"(dip) (X, 0;X)

=g7p (W) (X,0;X)

- _ﬁ\xw (1.6.3)
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1.6. MONOTONICITY FORMULA

and

n+1 n+1

D p (VX VX)) =D pg” (0:Xk)(0;Xk) = pg” (0iX,0;X) = pg” gij = np.  (1.6.4)
k=1 k=1

Substituting Eq. (1.6.3) and Eq. (1.6.4) into Eq. (1.6.2) and multiplying by ﬁ, we get

/Mt pwdﬂt - /Mt P <2(1it) a 4(_115)2 |XT2> dp
/M %dﬂt B /Mt P <<)2((’i)’/> + 4(—1t)2 ‘XTP) dp (1.6.5)

where X7 denotes the tangential part of the vector X. Substituting Eq. (1.6.5) into
Eq. (1.6.1)

or

d X,Hv X|? 1
it » pz, t)dp, = /Mtp << =) ) — 4|(_L)2 —H?+ 4(_t)2|XT\2> dpt

() e

1.6.1 Rescaled Monotonicity formula

Applying the comparison principle on the time evolution of |A|?> we get that if the
curvature blows up at the maximal time T and satisfies the inequality

1
max |A(p,t)] > ———.
peM 2(T —t)
Using this we define the type I singularity if the blow-up rate is bounded by a con-
stant.

Definition 1.6.1. Let T be the maximal time of existence of a mean curvature flow.
If there exists a constant C' > 1 such that

__¢
2T —t)

we say the flow is developing at time T a type I singularity. Conversely, if such
a constant does not exist, that is

Alp. t)| <
gg}gl (p,t)] <

limsupm%c |A(p, t)|VT —t = o0

t—T PE

we say that we have a type II singularity.
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CHAPTER 1. INTRODUCTION TO MEAN CURVATURE FLOW

We will restrict ourselves to type I singularity for the rest of this section. We want
to rescale M; near a singular point as ¢ — T, such that the curvature of the rescaled
surfaces remains uniformly bounded. Using the inequality |H| < \/n|A4|,

X(.0) = X(p.5)| < [ [Hp.rldr < Vi (T~ ) = (7~ /]

forall p e M™ and 0 < s <t < T. Thus, X(-,t) converges uniformly as ¢ — T'. Using
this we define a blow-up point as follows

Definition 1.6.2. We say that € R""! is a blow-up point if there is p € M"
such that X (p,t) — z as t — T and |A|(p,t) becomes unbounded as t — T

Let us assume now that 0 € R"*! is a blow-up point. Then we define the rescaled
immersions X (p, s) by

X(p,s) = 2T —t)"V2X(p,t), s(t)= —% log(T — t). (1.6.6)

The surfaces My, = X(-,s) (M™) are therefore defined for —2logT < s < o0 and
satisfy the equation

d -~ . B -

%X(pv 8) = H<p7 S>I/<p7 3) + X(p7 S)'

For any tensor P, let P denote the rescaled tensor. We say that P has degree a if
P = (2(T —t))"2P. Then there is an expression evaluating the evolution of rescaled
tensor.

Lemma 1.6.2. Suppose P is a tensor that satisfies

dpP
— = AP
dt +Q
for the original evolution equation and P has degree o. Then @ has degree (o — 2)

and

.| &
55

:Ap+6~2+al~113

For finding out the evolution of the second fundamental form and mean curvature
after rescaling, we use this lemma to get.

Proposition 1.6.3. For each m > 0 there is a C(m) < oo such that V™ A2 < C(m)
holds on M; uniformly in s, where C(m) depends on n, m,Cy and M.
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1.6. MONOTONICITY FORMULA

Proof. One can calculate the degree of |[V™A?> = —2(m + 1) from Eq. (1.5.4) and
further we know that

OJVTAP < AIVTAP = 2VTHAP 4 Co > [VIAIVIA|IVFA VT A
i+j+k=m

We induct on m. For m = 0, the rescaled second fundamental form under the type I

condition satisfies )
|A|2 =2(T-t)|A| < C

Assume the result holds for 0,...,m — 1. Then for m there exists a constant B such
that

o ~ . - -
%yvmm? <AIV™AP? + B(1+|VAP)
Adding the Eq. (1.5.4) for m — 1,

O (m AP+ BIoAR) < A(TAR + BIYTUAR) - BV AR + B,

where B; depends on B and C’n,l forl =0,...,m—1. Now from the induction hypothesis
\Y{HQ is bounded so from maximum principles in the previous estimate we can bound
|VA|? by a constant depending on initial data, B and B;. This completes the induction.

O

After the same rescaling the backward heat kernel becomes
- 1 & 2
pp,s) = exp { —5|X(p, )|
which leads to the following corollary.

Corollary. Let X, denote the rescaled hypersurfaces by the Eq. (1.6.6), then the
corresponding monotonicity formula is

b i ()

Proof. We use the fact that %’Z = (n— H?)fis and calculate the derivative analogous to
the proof in Theorem 1.6.1. O

One application of the estimates of the rescaled second fundamental form and rescaled
monotonicity formula is to obtain a structural formula of type I singularity. This was
proved by Huisken in [Hui90].

23



CHAPTER 1. INTRODUCTION TO MEAN CURVATURE FLOW

Theorem 1.6.4. Let X : M"™ x [0,T) — R"! be a maximal solution of mean
curvature flow with type I singularity. Let X, denote the rescaled hypersurfaces
with the origin as the blow-up point. Then for each sequence s; — oo there exists
a subsequence sj, such that X s;, converges smoothly to an immersed non-empty

limiting surface X which satisfies

H:<X’oo,y>.

Further, if X is compact, then is a sphere of radius Vn.
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2 Convexity estimates

As observed in the previous chapter the mean curvature flow preserves convexity and
mean convexity. In this chapter, we would like to study the convexity of the hypersurface
as it approaches singularity via a blow-up method. Huisken and Sinestrari proved in
[HS99a, HS99b] that mean convex hypersurface are asymptotically convex i.e. blowing
the flow near singularity gives a convex ancient solution.

2.1 Elementary symmetric polynomials and cones

The mean curvature of a hypersurface at a point is the sum of principal curvatures
which is a symmetric function. Similarly, Gauss curvature is the product of the principal
curvatures. The study of elementary symmetric functions of principal curvatures will be
crucial to analyze the convexity of singularities. We begin by recalling the definition of
elementary symmetric polynomials.

Definition 2.1.1. For any k = 1,...,n, the k-th elementary symmetric poly-
nomial S; : R™ — R is defined by

1< << <1 <n

where A = (A1,...,\,) € R” with the convention Sy = 1.

Associated to each k& we can also define the domain of positivity of first k£ elementary
symmetric polynomials I'y given by

Fk:{/\eRn:Sl()\)>0,...,Sk()\)>O}

It is easy to see that 'y, are cones in the Euclidean space and satisfy I'y11 C I'x. In
this formulation a hypersurface is mean-convex if the vector (ki,...,k,) is in I'1. The
following proposition was proved in [HS99a] regarding the cones T'y.

Proposition 2.1.1. Let A={z € R" : 21 > 0,...,z, > 0} denote the positive cone.
The sets I'j, coincide with the connected component of the domain {\ € R"*! :
Sk(A) > 0} containing the positive cone A. Further, the cone I',, coincides with the
positive cone A.
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CHAPTER 2. CONVEXITY ESTIMATES

This establishes a hierarchy of convexity with the last one being uniformly convex where
the principal curvature vector (k1,...,ky,) € Iy, for all points in the hypersurface. The
main result of the chapter is the following theorem.

Theorem 2.1.2. Let X : M™ x [0,T) — R"*! be a smooth solution of the mean
curvature flow with n > 2 such that X(M"™ 0) = M is compact and of positive
mean curvature. Then, for any 7 > 0 there exists a constant C;, > 0 depending only
on n,n and Mg such that

Sy > —nH* — Cp (2.1.1)

on M, for any t € [0, 7).

This can be interpreted as following - the negative part of Sy becomes very small
compared because of the inhomogeneous factor 7 at points where H” is large(i.e. where
the singularities are developing). We will only prove the theorem for k£ = 2 adapted from
[HS99b]. A complete proof is done using induction in [HS99a].

2.2 Estimate of 5

For any n € R and o € [0, 2] let

Al s |AP—(QQ+n)H?* —2Sy—nH?
gam:<‘];1’2_(1+77)>H:" SRk :

H2-—0o H2-—0o

Our aim is to derive a uniform bound of g, , which using Young’s inequality will imply
the desired estimate. The proof of Theorem 2.1.2 for k = 2 is divided into two parts. The
first part is obtaining an L estimate of g5, and the second part is utilizing Stampacchia
lemma using Michael-Simon inequality in order to get an L* bound. In order to prove
the first part we derive the evolution equation of g5, using the product rule but before
that we need the following lemmas.

Lemma 2.2.1. The following equality holds:

[VA-H —VH ® A|* = |VA?H? + |A*|VH|* — (V|A]>, VH) H. (2.2.1)

Proof. Computing the norm,

IVA-H-VH® AP =(VA-H-VH® A,VA-H - VH® A)
= |VAP?H? + |VH*|A|> - 2H (VA,VH ® A)
= |VA|?H? + |VH[*|A]* — (V|A]>, VH) H.
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| 2

Lemma 2.2.2. The quantity —- satisfies the differential equation

o147 _ AP !AP 2 2
EF_AﬁJri VHV _ﬁ|VA-H—VH®A| . (2.2.2)

Proof. Computing the time derivative we get

O1AP _ 1 0AP  |APoH

ot H2 H2 ot H3 ot
A2
H2 (AJAP? —2|VAP? +2|A]*) -2 o417 o (AH + |A”H)
AJA2 VAP QAH
=—p — 24 24

Recall the division formula for Laplacian,

Au A
A (3) S L <Vu Vo) + 2—|vu|2

(Y v (%

Calculating the Laplace-Beltrami operator using this,

A2 A|AJ? AH? 2|A|
Ay ="~ |A]? =T~ 1 <V]A\2 VH?) + = |VH?
AJA? 5 2HAH +2|VH|? 2 9 |AJ? 5
AJA? AH |VH|2 4
== - 2]A\2 -+ 6]A° g (VIA*,VH)
which substituted in the time derivative gives
ad |AP K QIVHP 2 VAP
5T _AH2 ﬁyA\ (V]A\ ,VH) -2 e
IAI2 VIAI2 2
= Ay H VH, —m- — myAPVH
— (|A]2|VH|2 +|VAPPH? — H (V|A]?, VH))
A 2 Al? 2
A‘H‘2+<VH v’ | >— ﬁWA-H—VH@AF.

Using this we compute the time derivative of g .
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CHAPTER 2. CONVEXITY ESTIMATES

Lemma 2.2.3. The evolution equation of g, is given by
Do (1-0) o(1 o) )
—= =Ag, 2 H, on/ — = 19 Yo H
ot Gon + H (VH,Vgon) 2 9on|VH|
H4 —|VA-H - VH® A’ + 0|A]gop. (2.2.3)
Proof. We can write g5, = (‘1’3'2 (1+ 77)) H? so
9o, A A7 2 2
—— =S A—+ —( VH, A-H—-VH®A|“; H
ot { 772 + H VH,V—3j5- 772 4]V VH ® A|

+ <||2 —(1+ n)> (AH? —o(0 — 1)H *|VH|* + o|A]?H")

o(loc—1)
72907n|VH|2

_ (1-0) \AI2 o
—Aggn+2 o (VEV ) H =

\VA-H —~VH® A + 0|A]?gs4

H4 o
- Agg PGl (<VH Vior) — 2 g VHP) _ Mgg IVH|?
51 H >N H 571 H2 51
— = U|VA H—VH® AP+ 0|A gy
(1-o0) o(l—o)
= A 0,7+2 = (VH,Vgon) — —m 9 Gon| VH|?

e [VA-H - VH® AP + 0| APgo,,

O]

Applying the maximum principle on Lemma 2.2.2 gets that A7 7= is uniformly bounded

so there exists a positive constant depending only on M such that

A2 < GH® on M,

for all time ¢ € [0,7). This also implies g,,, < coH? but as H blows up this isn’t sufficient
to prove the uniform bound. The following estimate of the good term in Eq. (2.2.3) will

be required for the LP estimate.

Lemma 2.2.4. [HS99b] If (1 + n)H? < |A|? < coH? for some 7, cy > 0. Then
1. —2Z > nH?|A|?

2. VA-H-VH®A?> H?|VH|?

4n(n 1)2

For the rest of proof we will restrict n,o € (0,1) and ¢; will denote a constant depend-
ing only on n,n and My. For brevity, we will write g = g,,, as long as 0,7 is fixed. Let
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g+ = max{g(z,t),0} denote the positive part of g. Then ¢ € C*(M x [0,T)) for p > 1
and
0g = pg g, V(L) =pg V.

Lemma 2.2.5. There exists constant ¢z, cg such that

-1
p(p—1 _ p g
ghdp < — (2)/ gh 2V g 2dp — / T —|VH[*dp
C3 M

p—l

H40’

dt

—p IVA-H —VH ® Al d,u—i—pa/ |APghdu (2.2.4)

for any p > co.
Proof. Differentiating with respect to time and using Lemma 2.2.3 for p > 2

2 Py — 1 2
7 gidp /(pg+ g — H=g )du

1—
S/pg+ (Ag+2( 7 )<VHV) i U\VA H— VH®A]2>dp,

+p/J\A|29ﬁdM (2.2.5)

Using integration by parts,

/pgﬁ_lAgdu = —p/ <Vg‘3__1,Vg> dp
=-p(p—1) /gi‘ﬂvmzdﬂ (2.2.6)

Also from Lemma 2.2.4 we deduce that if ¢; > 4n(n — 1)2con 2

i i
i | VA H — VH® AP > 52 O_\VH\Z
g+ 2, 1 2
ZW’ HEt S v (2.27)

To handle the gradient term, let p > max{2,1 + 4cpcy } to obtain

p—1

9+ g.
21— o)p=~ (VH, Vg) < 2p= * !VHHVg\
= 2610)01 %’VH ? + 26001P9i_2|Vg]2 [Peter-Paul inequality]
95 gp—l
< + A-H—-VH A 2 _ + H 2
P ’V VH® A| p2 1H2—U‘v ‘
—_ 1 - '

2
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Substituting this back in Eq. (2.2.5) and using integration by parts from Eq. (2.2.6),

d _ -l
dt/ g du < —p(p — 1)/931 2|V9|2du+p/ gZ,GIVAH*VH@AIQdu
M

pp—1 _
+ (Q)/Qﬁ *|Vg|dp — =

p—1

P

HQU

|VH| dp

g
—2p HZ_U IVA-H - VH® A|2d,u +po—/ |A|2gE dp
which gives the desired inequality with c3 = i O

To handle the bad positive term appearing in Eq. (2.2.4) we use the following lemma

Lemma 2.2.6. There exists a constant ¢4 such that

p—1
— g
- / AP g% du<< 5) / gVl + (Lt Bp) [ o= IVH|Pdu

p—1
g
+/Hj_U|VA-H—VH®A|2du

for any 5 > 0,p > 2.

Proof. The Laplacian-Beltrami operator satisfies,

A(f7) =of" 'Af+o(o—1)f7 2|V f?

Al

We have an expression for the Laplacian of IH—; in Lemma 2.2.2 from which it follows
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that

Ag A<|A’2>H”+ <|A’2_(1+ )> AH"+2<V| ’2 VH">
=A (" iE n

H?’
_(BHP g gpBH g IVH
— (S - 2 g +olap

4 ag
- = <V\A|2,VH>> H
A2 o—1 o—2 2

+ | =5 —1+n) ) (cH'AH 4+ 0(c — 1) H" *|VH[?)

2 2
+20H~ 1<v‘é| |A‘ —VH, VH>

_AlAP . y \
| ’ +< (1+n)H° 1> AH+61‘{4| IVH|? - i <V|A|2,VH>
Y 20 Al2
ol - I)W’VHP = (VIAP, VH) — 40 ’ " vap
AJAP? y
:H|2|U+((U *—2 (1+n)H" 1)AH+(6 40) |4[U
2 g 2(c —1
- WH<V|A!2,VH> +o(o - 1)ﬁ]VH’2 4 (HB_U) (VIAP, V)
- oar g T
= e+ (0= 2% 204 ) H) AH 1 (6 - 40) 5 [V H]
: g
_H4JOVARH%HAWVHP_W%gH—VH@wﬂ)+d0_DﬁaVHF
2o
FH’?) o <V‘A‘2 VH>

_AJAP - 2[vAP 2 2 g o1
= S+ VA H-VH® A +<(a—2)ﬁ—2(1+n)H )AH

A g 2(0c—1
— 4o — 1);[4’UVH2+J( )IPWH\2+(H3_U)<V|A|2,VH>.

Now similar to time derivative in Lemma 2.2.3, we calculate inner product of Vg with

VH,

|A|2 o ’A‘Q o—1 2

(Vg, VH) = (Vg VH ) H? 40 ( oy — (L+n) ) H7'[VH]
V(AP AP 2, 9 2
= H)YH? -2 H =|VH|.
(S ) 12V HE o v

Using Simon’s identity and the previous expression to eliminate the last mixed inner
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product term

AJAP? - 2|VAJ]? 2
_|_

Ag - H2-0c Hi—o |VA -H—-VH® A‘z + ((O’ — 2)% — 2(1 + n)HJ—l) AH
—4(0’—1) |A|2 ‘VH‘2+U(U—1)L‘VH‘2
H4-o H2
2(0—-1) |A|2 ) g )
+H(<VQ’VH>+ H3- O'|VH| E|VH|
2(hij, ViV;H) + 27 2 ) p .
_ 7o + VA H - VH & A +((0—2)E—2(1+n)H )AH
g 2 2(0'— 1)

Recall Green’s identity for compact manifold without boundary,

/M ulAv = — /M (Vu, V).

Multiplying Eq. (2.2.8) by gﬂH 7 and using Green’s identity the left-hand side evaluates
to

A= /gﬁH“’Agdu = —/<V(giH“’)7Vg> dp

1 _ gp
= p—1 2 T
= —p/HU9+ \Vg\ du—l-a/ Tito (Vg, VH> du (2.2'9)

while the right-hand side is

hij, ViV, H i
B 2/< j 9% 4, +2/g+ dp +2/§;yVA.H—VH®A\2du

H?2
g;i+1 g;i gziJrl )
+ (0 —2) Hl+aAHd’U'_2(1+n)/HAHdH_U(U_l) H2+O_]VH] du
gp+1
+2(0 — 1)/H§+0 (Vg,VH)dpu (2.2.10)

For the first term of Eq. (2.2.10) we can use divergence-type theorem for tensors to
get,

hi',V¢V'H p Phi.
2/< J HQJ >g+d,u:—2/<trik <Vk (gg2j>>,VjH>d,u

_ _zp/g+ (Vig @ hij, V;H) dp

I i VY d
73 (V'hig, Vi H) dp

(2.2.11)

+4/Ig_j§<viH®hij,VjH>du—2
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Using Codazzi equation V'h;; = V;h! for the last term,

(hij, ViV iH) g g
2/ A= =2p | S (hij, VigViH) dp

p
g4 g
+4 FE (hij, ViHV jH) dp — 2 / H—J;|VH|2du (2.2.12)
Applying Green’s formula on AH terms in Eq. (2.2.10) and putting together Eq. (2.2.9),
Eq. (2.2.10) and Eq. (2.2.12)

1 _ p
b [ e VaPdu o [ B Ve,V ) da

1

D p
— 2 g* — (hij, VigV;H) dp + 4 %(hij,viijm du—Z/IZJ;WHqu

2
p
9+

+2/g+ du +2/ CIVA-H - VH @ APdp — (0 = 2)(p+ 1) Firs (V9 VH) dp
L 1 1
gp+1 9
+(c—2)(1+0) H;JFU\VH\Qdu—i-Q(l—i—n)p/ i;] VH)du
L 3 ]
" gp+1 gp+1
—2(1+n)/H+2|VH|%ZM—0-(0—1)/H+2+ |v11r|2du+2(g—1)/H+1+ (Vg,VH)dpu
L 5 1 L 3 1 L T ]
clubbing the terms with same-numbered under bracket,
>z
—2 du P/H09+ Vgl du—2p/ jie hm,Vng H)dp

+4 H% (hij, ViHV jH) dp + 2 FQWA -H—VH® APdu

gp+1 gp
—2/( + +(2+n)+> IVH|2dpu (2.2.13)

From Lemma 2.2.4 —2Z > nH?|AJ? and using utilizing g < coH° (and |A| < coH)
with Cauchy-Schwarz inequality in Eq. (2.2.13),
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p—1
- g
n/gi\A\zdu < cOp/gi ?|Vg|2dp + 4p(co + 1)/;,\V9HVH!du

p—1 p—1
g g

+4c§ ﬁWHﬁdu + 2¢p / Hj_a IVA-H—VH® Al*du

(2.2.14)
Also, for any 8 > 0,
N .
S IVH]||Vg| < 2 |Vg|2 + B2 Livap
_ 4 g

+ IVgl2 + co/BH2 _|VH|? (2.2.15)
Combining Eq. (2.2.13), Eq. (2.2.14) and Eq. (2.2.15) proves the lemma. O

Proposition 2.2.7. For any n € (0,1) there exists constants cs,cg such that the
LP(M) norm of (gon)+ is a increasing function of ¢ if the following holds

-

p > cs, o < (cp)™ 2.

Proof. Choose 8 ~ pfé and o ~ cp 3 in the previous lemma. ]

Lemma 2.2.8 (Stampacchia lemma). Let 9 : [ko,00) — R be a non-negative, non-
increasing function which satisfies

C

mmk)ﬁ for all h >k > ko (2.2.16)

¥(h) <
for some constants C > 0, « > 0 and § > 1. Then

Y(ko +d) =0, (2.2.17)

where d® = Cyp(ko)#125-1.

We complete the proof of Theorem 2.1.2 using Stampacchia lemma which gives an L™
bound from the LP bounds.

Proof. Let k > ky, where

ko = sup supgo
c€0,1] Mo
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b
Define v = (go,; — k)3 and A(k,t) = {x € M; : v(z,t) > 0}. Differentiating v? with
respect to time we get for p large enough (similar to Lemma 2.2.5)

vzd,u,—i—/ \Vol?du < Up/ |APv2dp < coap/ H%gP i (2.2.18)
t M My

Ak,)

dt

Also from the Michael-Simon result in [MS73], we have a Sobolev-type inequality given
by

</Mt qudu); < C(n) /Mt [VoPdu + C(n) (/A(k’t) H"du>i (/Mt Uzqdﬂy (2.2.19)

where ¢ = -5 if n > 2 and an arbitrary number greater than 1 if n = 2. We can
estimate the H™ factor in the integral on A(k,t) using the previous proposition and the
equality

H"gb dp = / Gor it
My o My o

where 0/ = o + %. Let

p > max{cs,4n’cg} and o < (406]77%)

so that

which allows us to use Proposition 2.2.7,

: i o
/ H"dp | < / H”< G’")d,u
A(k,t) A(k,t) kp
2

We can fix k1 > kg such that for any k& > k; the term fA(k " H"dp in Eq. (2.2.19) is less

than For such k, using Eq. (2.2.18) with Eq. (2.2.19) to eliminate the gradient
term,

1
2C(n)"

1
d 9 1 </ 9 )q
— vidp + v¥du ) < cpop H%gP dpu. 2.2.20
dt Jpm, 2C(n) \Jm, Ak t) " ( )
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Let to € [0,7] be the time when supcior [y, v2dy is attained (we let to = T if it is
not attained in the interior). Integrating Eq. (2.2.20) from 0 to ¢,

1
1 to q to
2 2 2
vidp + / </ v qdu) dt < COUP/ / H%gh dudt  (2.2.21)
/M 2C(n) Jo M, 0 JA(k) K

to

where we used the fact that k > kg > suppy, go,n SO f/\/lo v2dp = 0. Now integrating
Eq. (2.2.20) from ty to T' — € for € small enough,

1 T—e é T—e
/ v2dp —/ v2dp+ / </ v2q> dt < coap/ / H%gP pdpdt.
M. M 2C(n) Jy, M o JA(k) ’

(2.2.22)
Throwing away fMT— v2dy term and adding Eq. (2.2.21) to half of Eq. (2.2.22) after
taking the limit € — 0,

1/ 2du + L /T(/ 2Q>édt< /T/ H?%g? _dudt
= vidp v < coop gh dp
2 Jm 4C(n) Jo M 0 JA(k) "

to

to

which is same as

T 1 T
sup/ vidu +/ </ qud;L) "t < 2max{1, 2C(n)}coap/ / H%gP papdt.
[0,T) J M 0 My 0 JA(kzt) ’
(2.2.23)

Recall the interpolation inequality for LP spaces for any f € LINL",
1—
f a0 < UGN

+ 1% and 1 < g < ¢. Setting r = 1,a = - and f = v* we get

1 1 -1
</ vzqod,u,) ’ < (/ ’qudu> ’ </ U2du> °. (2.2.24)
My My Mz

Integrating this in time and using Young’s inequality,

1 «
where =— = &
9 q

1

1 1—L 1
T a0 a0 T q
/ / v dpdt < | sup / vidp / / v¥dp | dt
0o JAk 0,1) J Ak ) 0 A(k,t)

1
a0

Qe

T
_ S0 Say V40 N Jo (fA(k,t) “2qdu) dt
N qggl q0

T q
< sup/ v2d,u+/ / v¥dp | dt
0,7) J A(k,t) 0 A(k,t)

T
< cgop / H? g5 pdupdt
0 JA®k)
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where ¢g = 2max{1,2C(n)}co. Set ¥ (k fo fA(kt dpdt. We will obtain bounds on
1 which along with the Stampacchia lemma will 1mply a uniform bound of g,,. Now
Eq. (2.2.23) and Hoélder inequality yields,

T T =% [ T W0
/ / v2dpdt < / / ldpdt / / 020 dydt (2.2.25)
0 JA(kt) 0 JA(kt) A(k,t)

< cgopip(k / /A(k )HQgUndudt (2.2.26)
t

Let » > 1 which will be chosen later. Applying Holder again on the right side with
weights r and *,

T T
2 r
/ / H?gh  dpdt < ( / / dudt> ( / / H? gandudt>
0 JA(k) 0 JA(k) A(kt)
,, dudt
(/ /kt i )

where 0" = o + %. For r large enough and p,o~! small enough from Proposition 2.2.7

there exists a constant cg > 0 independent of time such that

T l 1
/ / H?g dudt < i (k). (2.2.27)
0 JA(k)

Combining Eq. (2.2.26) and Eq. (2.2.27) for all h > k > ki, we have

(h —k)PY(h //h (h — k)Pdudt
t)

< / / vidudt
0 JARkL

1
< cgopesp(k)” T .

1

Lety=2— = — q— and c19 = cg¢§ . 7 (soy > 1) and p large enough, o small

enough whlle satisfying the hypothesis of Pr0p0s1tion 2.2.7 such that op < 1 then gives
C10

P(h) < mw(k;ﬂ (2.2.28)

Stampacchia lemma now implies (k) = 0 for all k > k1+d where dP = 0102%+1¢(k1)7_1
Hence,

n <k+d< K:=Fk+ 6102%+1(‘M0|T)7_1

or
|A? - (1+n)H?*< KH*™"
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so by Young’s inequality there exists a constant C), such that,
|A|? — H?> <nH? + KH*° < 2nH?* 4 20,,.

Notice that |A]? — H? = — >_izj Kitj = —253 which implies the desired estimate. [

2.3 Asymptotic convexity

As mentioned in Section 1.6.1, we classify the singularities based on the blow-up rate
of |A|%2. Recall from maximum principle on Lemma 2.2.2 there exists a ¢y such that
|A|? < coH? and from algebra we get H? < n|A|?> so |A|? and H? have same rate of
growth. We will focus on the growth of H?2.

The estimates obtained in the previous section will be very useful to obtain an asymp-
totic analysis of type II singularities. Following [HS99b] suppose a maximal solution
X : M x [0,T) — R develops a type II singularity. Choose a sequence of points
{(@m, tm)} in spacetime as follows. For each integer m > 1, let t,, € [0,7— 1], 2, € M
such that

H?(Zym, tm) <T . tm) = sup H?(x,t) (T N t) (2.3.1)
(w.t)

m eMx[0,7-L] m

Set Ly, = H(zpm, tm), = —L2

m

tm and wy, = L2 (T — )

m

Lemma 2.3.1. For singularities of type II, the following holds as m — oo,
tm — 1, Ly, — 00, a— —o00, and w,,, — co.

Proof. Fix M > 0. As the singularity is of type II, there exists a tp; € [0,7) and

xy € M such that H?(zpr, tar)(T — t) > 2M. For m large enough we have
t<T—1/m, H*z1)(T—-1t-1/m)> M.
It follows

Wi = H? (T, ton) (T =ty — 1/m) > H*(Z,#)(T —t — 1/m) > M.

O

Now we will rescale the hypersurfaces to analyze the limiting behavior. For each m > 1,
define a family of immersions by

Xm(x,t) = L (X (z, L;ft +tm) — X (T, tm)) for t € [am, wm].

Let A,, and H,, denote the fundamental form of the rescaled immersions. Then by the
definition of L,, and X,,, we have

Xm(2m,0) =0 and  Hp(x,,0) = 1.
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Further, observe that

1
_m_tm Wm

H?(z,t) = L72H?*(x, L2t + t,,) < = )
{2 8) = Lo B L™t 4 ) < ey =

From the previous lemma w,,, — oo, so for any ¢ > 0 and @, there exists a mqg such
that

max Hy,(z,t) <1+e€
zeM

for any m > mg and t € [ay,,w]. Also, observe that the elementary symmetric poly-
nomials of principal curvatures of the indexed hypersurfaces scale as (Sg)m = L*Sk
SO

(Sk)m > =nHyp, = Ly Cy
—n(L+ ) = L, Cy

V

which can be made arbitrarily small in the limit m — oco. The curvature bound implies
analogous bounds on the second fundamental form as well as its covariant derivatives.
Invoking the Arzela-Ascoli theorem there exists a subsequence of X} converging uni-
formly on compact subsets of R"*! x R to a limiting solution X4, of the mean curvature
flow. This proves the asymptotic convexity of the flow in the following sense.

Theorem 2.3.2. Let X : M x [0,T) — R"*! be a smooth maximal solution of the
mean curvature flow with X (-,0) = M compact and of positive mean curvature.
Further, assume that the flow develops a singularity of type II. Then there exists
a sequence of rescaled flow Xj(-,t) converging smoothly on every compact set to
a mean curvature flow X (-,¢) which is defined for ¢ € (—o00,00). Also, the limit
hypersurface X is convex (not necessarily uniformly convex) for each ¢t € (—o0, o)
and satisfies 0 < Ho, < 1 everywhere with equality at least at one point.
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3 Noncollapsing

Noncollapsing in mean curvature flow is a powerful result that gives a geometric idea
about the structure of singularities. It can be used to rule out certain singularity profiles
for mean convex mean curvature flow.

3.1 Inscribed curvature

Let M C R™*! be a smooth hypersurface which is the boundary of an open set ¢ R**+1.
For z € M, we want to find the radius of the largest inscribed sphere in M touching
it at . For any y € M\{z}, the radius of the sphere passing through z and y and
touching M at x is given by

_ Nz —ylP?
r(z,y) = 5Te — g (@) (3.1.1)

where v(x) is the outward unit normal vector of M at xz. The inverse of the radius is
the extrinsic ball curvature k : M x M\{(z,z) : z € M} — R defined by

2(x —y,v(z))

R PR

(3.1.2)
Now for each point x € M, we can get the radius of the largest inscribed sphere touching
M at x which we call the inradius function r : M — (0, 00| given by

r(z) = inf r(z,y). 3.1.3

@= it ry) (313)

Similarly, the inscribed curvature k : M — [0, c0) is obtained by the reciprocal of the
inradius, so

k:(x):i: sup  k(z,y). (3.1.4)
r(z) yeM\{z}

Definition 3.1.1. Let M be a mean convex hypersurface bounding an open set
Q c R*! so 90 = M. We say that M is a-noncollapsed if for every » € M
there exists an open ball B of radius %= touching M at x and contained entirely

H(x)
in Q. In terms of the inscribed curvature, this is same as the inequality
1
k(x) < —H(z) forall ze M. (3.1.5)
Q@
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Figure 3.1: Inscribed sphere of maximum radius

We will prove in the following section that noncollapsing is preserved under mean cur-
vature flow.

3.2 Differential inequality for inscribed curvature

Following [ACGL22, Brel5| the time evolution equation of inscribed curvature satisfies
an inequality which implies noncollapsing. The main difficulty of the proof lies in ma-
nipulating the complicated time derivative of k to get the useful gradient terms with
signs.

Theorem 3.2.1. Let X : M™ x [0,T) — R™*! be a smooth solution of the mean
curvature flow with My properly embedded. Then
ok

— < Ak+ APk -2
ot = Ak + 14l 2

(Vik)?

k‘—lii

(3.2.1)

Kki<k

where the inequality holds in the viscosity sense.

Proof. For any given point (xg,ty) € M x [0,T), either of the two cases occur
1. k(zo,to) = limy_,4, k(z0,y, to), or
2. k(zo,to) = k(xo,yo,to) for some yo € My, \{zo}.

We will be concentrating only on the second case which happens on an open subset
of spacetime, where the supremum is achieved from a sphere touching the hypersurface
at two separate points. The first case occurs on a set with measure zero and is covered
in Proposition 12.8 in [ACGL22].
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3.2. DIFFERENTIAL INEQUALITY FOR INSCRIBED CURVATURE

Let U be an open neighborhood of zg and v : U x (tg—«, tg] — R be a smooth function
such that ¢ (xg,t9) = k(zo,to) and ¥ (x,t) > k(z,t) for all (x,t) € U x (tg — a, to]. We
want to prove

3¢ Vi)

_Kfz

< AY + APy — 22 (3.2.2)

Define
Z(x,y,t) = %w(w, X (2, t) = X(y, )[> = (X (2, 1) = X(y, ), v(x,t)) (3.2.3)

which can be further simplified to

T _ 2

for all  # y. Observe that Z(zo,yo,to) = 0 and Z(z,y,t) > 0 for all (z,y,t) €
U x M x (ty — a, to] from the hypothesis on ).
The space derivatives in local coordinates are

Z(z,y,t) =

S = 5 o @ DIX ()~ X + (o8 (X(t) = X(00). 5 1))
— h¥(z,t) <X(a;,t) — X (y,t), g‘;i(x,t)> (3.2.4)
and
gi — (1) <Z;i(y7t), X(a,1) - X(y,t)> " <Z‘; (4.), V(x,t)> (3.2.5)

Choose normal coordinates around zo such that h;;(xg,to) is diagonal. Then Eq. (3.2.4)
at the minima (x,yp) gives

0X 1 1 o
<77, O z(xo’tO)> T 24(z0,t0) — Kil@o to)aw(xo’toﬂX(xO’tO) X(yo,to)|  (3:2.6)

where n = &ggiﬁgiﬁggiﬁﬂ The tangent space at yg can be obtained by reflection

across the hyperplane with normal 7. In particular,

(Yo, to) = v(xo,t0) — 20 (v(z0, t0), M)

= v(zo, to) — Y (o, t0) (X (x0,t0) — X (yo,0)). (3.2.7)
Now we choose normal coordinates around yg, such that the reflection of g2 across 7 is
0X
dy;» SO

0xX 0X < 0X >

o; ('h‘z —2n . (3.2.8)
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Also,

0X 0X 00X 2
<6yi(yo,to), %(xo, to)> =1-2p <8xi (20, t0), 77> (3.2.9)

Further, calculating the double space derivatives,

‘Z;f(x’y,t) _ ;%’X(””’ﬂ — X(y, ) + QSﬁ <X($’t) — X0, gjci>
vy <g§i, ‘;ii> + <X(:c,t) - X(y,1), %g>
— bk <X(a:,t) - X(y,t), (%> : (3:2.10)

Recall we had chosen normal coordinates at g such that the matrix h;j(xo, to) is diagonal

SO
X L 0X

Ox? "9y,

Adding the Eq. (3.2.10) from i = 1 to n, and evaluating it at (xo, yo, to),

— hiil/ = —R;l.

027 1 "0 0X
> w(ﬂﬁo»yo,to) = 589X (2o, t0) — X (yo, to)|* — 2; 5;{'(%’ to) <X($0,to) — X (0, o), axl>

i=1 g

+np + ¢ (X (x0,t0) — X (yo,t0), —H (w0, to)v (w0, to))

n
oOH 0X
- t X tg) — X to), =— ) — H t
; oz, (2o, 0)< (2o, to) (40 t0), 6x¢> (2o, to)

+ ’A(wo, t0)|2 <X(£130, to) — X (yo, to), v(xo, t0)> (3.2.11)
where we used the Codazzi equation > 0;h¥ = OyH for normal coordinates and the
mean curvature vector equation AX = —Hwv. Using Eq. (3.2.6) this can be written as,

n

9’z 1
> W(l‘o,yo,to) =3 (A¢($o,t0) + | Ao, to)[* (0, to)
i=1 i

- 2
- Z Y(xo, o) —2 ki(wo, o) <§i}-<x0’t0)> >|X(‘7507t0) — X (yo, to)?
=1 ) ? ’ i

—~ 0H X
— — t X tg) — X to), = t
> o o) (X (e t0) = Xlom-to), 57 oos o))

— H(z0,t0)¢ (w0, to) (X (z0,t0) — X (0, t0), v(z0,%0))
—|—7”L1/J(l'0,t0) — H({L‘o,to). (3.2.12)
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Now the mixed derivatives are given by

027 o 0X 0X 0X
o t) =~ gt { G0 ). X0 = X)) = 6ls0) (G0, 2 00))

0X ov

Evaluating this at (zg, yo,to) and using Eq. (3.2.6) and Eq. (3.2.9), we get

2 0X
T2 ooste) = =22 (o, t0) <<yo,to>,X<mo,to> - X(yo,to>>

0X ax
= (laoto) = sl t0) { 5o to). (oo o) )
0 X
— a;i (20, t0) <X(xo,to) — X (0, t0), axi(:co,to)>

1

2
— (¥(z0,t0) — Ki(wo, o)) (1 -2 <gf ($o,to)> )

= —(¢(x0,t0) — /‘éi(ﬂ)atO))'

For the second order y derivative,

0%z

O wnt) = vz, <

(2

2
%yig(y,t), X(z,t) — X(y,t)> —(x,t) <g‘;i(y,t)7 —Z;i(y»t)>

(St

so from Eq. (3.2.7) at (x0, yo, to),

gyi(xo,yo,to) — (0, o) i (o, t0) (X (201 t0) — X (g0, o), (30, t0)) + (0, o)

— Ki(Yo, to) (¥ (Yo, o), v(z0, t0))

= ¥(xo, to) ki (Yo, to) ((X (z0,t0) — X (yo, to), v(x0, t0)) — ¥ (o, to)| X (w0, to) — X (30, t0)|?)
+ (20, to) — Ki(Yo, to) (1 — ¥(z0, o) (X (20, to) — X (¥, t0), v(x0, %0)))

= ¥(xo,t0) — Ki(yo, to)- (3.2.13)

Now the time derivative is,
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af(lD,yOatO) ;%zf (20, t0)| X (0, t0) — X (0, t0)|?
+ (o, to) (—H (xo, to)v(xo, to) + H(yo, to)v(yo, to), X (xo, to) — X (yo, to))
— (=H (o, to)v (0, to) + H(yo,to)v(yo, to), v(xo, to))

_ Z gi( to) <X(xo,t0) — X (o, to), gz(ﬂfo’to)>

1a¢
T2

Z ﬂfo,to < (fﬂo,to)—X(yo,to)g ($0,t0)>
)s

v(wo,t0)) + H(zo,t) — H(yo,t0)

—= (20, t0)| X (20, t0) — X (yo. to)|*

- H(xo,to)l/}(%o,to) (X (20, t0) — X (0, to

where v(xg,to) — ¥ (z0,t0)(X (x0,t0) — X (Y0, t0)) = v(yo,to) was used for last equality.
Putting together we get the elliptic term,

oz “ (07 0? 0*Z
E(‘%’()ay()vt()) - ; (8%? + 2axzayz + 8y22> (3707y07t0)

<ng (0, to) — A (o, to) — | A(zo, t0)[*¥ (w0, to)

—i—Z 2 <3¢(Q; t)>2>]X(a: o) — X (o, to)
« (20, t0) — Ki(20, to) \ Oz; 0,70 0, %o Yo, t0)|”.

As (x0,y0,t0) is a local minimum of Z, the left-hand side of the previous equation is
negative from which the inequality Eq. (3.2.2) follows. O

Remark. Notice that the inequality is in one variable however, the proof goes
through the maximum principle on a two-variable function. There are a lot of
applications of such two-point functions considered in [Brel4, And14].

Corollary (Noncollapsing). Let X : M™ x [0,T) — R"*! be a smooth embedded
solution of the mean curvature with X(-,0) = M/ compact, mean-convex and a-
noncollapsed. Then X(-,¢) = M; is a-noncollapsed for all t € [0,T).

Proof. From Eq. (3.2.1), it follows that

ok
— <
5 < Ak +[APE.
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3.2. DIFFERENTIAL INEQUALITY FOR INSCRIBED CURVATURE

Recall that the mean curvature H, satisfies Eq. (1.3.4) so the time derivative of the
quotient % satisfies

ot \ H H?

() )

Now maximum principle (for viscosity solutions) yields ak < H for all ¢t € [0,T).

a <k> _ (Db + |AI’k)H — (AH + |A]PH)k
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